We show that the derived category of coherent sheaves on the quotient stack of the affine plane by a finite small subgroup of the general linear group is obtained from the derived category of coherent sheaves on the minimal resolution by adding a semiorthogonal summand with a full exceptional collection.
Introduction
Let G be a finite small subgroup of GL 2 (C) and Y = G-Hilb(C 2 ) be the Hilbert scheme of G-orbits [Nak01] . The universal flat family over Y will be denoted by Z:
The Hilbert-Chow morphism τ is the minimal resolution [Ish02] . The integral functor
is full and faithful, and its essential image is admissible [BO, Definition 2.1] since Φ has both left and right adjoints. The functor Φ is an equivalence if G is a subgroup of SL 2 (C) [KV00, BKR01] . The main result in this paper is the following:
Theorem 1.1. Let G be a finite small subgroup of GL 2 (C) and Y = G-Hilb(C 2 ) be the Hilbert scheme of G-orbits in C 2 . Then there is an exceptional collection (E 1 , . . . , E n ) in D b coh[C 2 /G] and a semiorthogonal decomposition
where n is the number of irreducible non-special representations of G.
This theorem is complementary to the works of Craw [Cra] and Wemyss [Wem] , which describe D b coh Y as the derived category of modules over the path algebra of a quiver with relations called the special McKay quiver. Their works in turn are based on a result of Van den Bergh [VdB04, Theorem B] .
Steps 1, 2 and 3 are carried out in Sections 2, 3 and 4 respectively. Theorem 1.1 and its slight generalization is proved in section 5. As a corollary, we show in Section 6 that the two-dimensional Deligne-Mumford stack associated with an invertible polynomial in four variables has a full exceptional collection.
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The case of cyclic groups
We prove the following in this section: 
where n is the number of indecomposable non-special representations of G.
To prove Theorem 2.1, we recall Wunram's description of special representations in the case of cyclic groups. For relatively prime integers 0 < q < n, consider the cyclic
where ζ is a primitive n-th root of unity. For a ∈ Z/nZ, let ρ a denote the irreducible representation of G so that ρ a sends the above generator to ζ a . Define integers r, b 1 , . . . , b r and i 0 , . . . , i r+1 as follows: Put i 0 := n, i 1 := q and define i t+2 , b t+1 inductively by
until we finally obtain i r = 1 and i r+1 = 0. This gives a continued fraction expansion
and −b t is the self intersection number of the t-th irreducible exceptional curve C t . Special representations are described as follows:
For an integer d with 0 ≤ d < n, there is a unique expression
where d i ∈ Z ≥0 are non-negative integers satisfying
] as above if and only if the following hold:
• 0 ≤ d t ≤ b t − 1 for any t.
• If d s = b s − 1 and d t = b t − 1 for s < t, then there is l with s < l < t and
(1, q) coincides with 1 n (q ′ , 1) as a subgroup of GL 2 (C). Introduce the dual sequence j 0 , . . . , j r+1 by j 0 = 0, j 1 = 1 and j t = j t−1 b t−1 − j t−2 for t > 1. Then one has j r = q ′ and j r+1 = n.
Let R = C[x, y] be the coordinate ring of C 2 and put
For an integer d ∈ [0, n − 1] with ρ d non-special, take t with i t−1 > d > i t . Then we define
Note that the socle of E d is O 0 ⊗ ρ d and the representations contained in E d are ρ d−lq for 0 ≤ l < j t . We show that {E d | d: non-special} is a desired exceptional collection (with respect to the order of d ∈ [1, n − 1]). We first show the following:
Proposition 2.5. The following two triangulated subcategories are equal:
We introduce the following order on Z/nZ: for a, b ∈ Z/nZ, we write a b if
We also write x y for x, y ∈ Z if the inequality holds for their classes in Z/nZ. Lemma 2.6. If 0 < l < j t , then one has i t−1 lq.
Proof. We can write l = d 1 j 1 + · · · + d t−1 j t−1 as in (2.1) by using {j t } instead of {i t }, where (d 1 , . . . , d t−1 , 0, . . . , 0) satisfies the condition in Lemma 2.3. Then we have lq ≡ Corollary 2.8.
Proof. Since i t−1 lq by Lemma 2.6, we apply Lemma 2.7 for a = lq and b = d − lq to obtain d d − lq. The equality does not hold since (n, q) = 1.
Lemma 2.9.
Assume that ρ d−lq is special. Then d − lq ≡ i s for some s and the above corollary implies s < t. Moreover, d ≡ i s + lq yields f ≡ j s + l. On the other hand, since j s and l are smaller than j t , we see j s + l < 2j t . This contradicts n > f ≥ 2j t .
Proof of Proposition 2.5. Lemma 2.9 implies that E d belongs to O 0 ⊗ρ ρ:non-special . Moreover, note that the socle of E d is O 0 ⊗ ρ d . Then, for non-special ρ f , it follows from Corollary 2.8 and the reverse induction on f with respect to that O 0 ⊗ ρ f belongs to
where α and β are the multiplications by y jt . The degrees of terms of these complexes are determined so that Hom(
′ + i t ′ ≡ lq, which again contradicts Lemma 2.6. Hence we obtain (coker α) G = 0. In a similar way, we can show (ker β) G = (coker β) G = 0 and we are done.
Since O 0 ⊗ ρ ρ:non-special is the right orthogonal complement of the essential image of Φ, Propositions 2.5 and 2.10 imply Theorem 2.1.
Equivariant McKay correspondence
Let G be any finite subgroup of GL 2 (C) and put G 0 = G ∩ SL(2, C). Then G 0 is a normal subgroup of G and A = G/G 0 is a cyclic group. The group A acts on Y 0 = G 0 -Hilb C 2 .
Theorem 3.1. There is an equivalence
Proof. We regard each side as the derived category of G-equivariant coherent sheaves on C 2 and that of A-equivariant coherent sheaves on Y 0 respectively. Let Z ⊂ Y 0 × C 2 be the universal subscheme. Then we can define an integral functor Φ :
where π C 2 and π Y 0 are projections from Y 0 × C 2 and ι :
is the pull-back functor, which can be regarded as lifting A-actions to G-actions by the surjection G → A. The adjoint functor Ψ is defined by
where ρ Nat is the representation of G given by G ⊂ GL 2 (C). This is both left and right adjoint since Y 0 is crepant. Note that if we restrict G-actions to G 0 actions and forget A-actions, we can also define functors
and its adjoint Ψ ′ in the same way as above, which are equivalences by [BKR01] . Let α be any object of D b coh[Y 0 /A] and consider the adjunction morphism ν : α → ΨΦ(α). If we restrict G-action to G 0 -action, then the morphism ν becomes an isomorphism since Φ ′ and Ψ ′ are equivalences. As a result, the morphism ν itself must be an isomorphism. We can also show that ΦΨ(β) → β is an isomorphism for any object β of D b coh[C 2 /G] in the same way, and hence Φ and Ψ are equivalences.
Root constructions and semiorthogonal decompositions
In this section, we show that a smooth Deligne-Mumford stack containing divisors with non-trivial stabilizers can be replaced with another stack without such divisors by removing a semiorthogonal summand from its derived category of coherent sheaves. This operation is inverse to the root construction with respect to a line bundle with a section, defined independently in [AGV08] and [Cad07] .
The root stack of a line bundle
Let L be a line bundle on a Deligne-Mumford stack X and L be the principal G mbundle on X associated with L. For a positive integer r, the stack r L/X of the rthe roots of L is defined as follows: An object of r L/X over a scheme T is a triple (ϕ, M, φ) consisting of a morphism ϕ : T → X , a line bundle M on T and an isomorphism φ :
Morphisms of triples are defined in the obvious way. The stack r L/X is an essentially trivial gerb over X banded by µ r , and the natural projection is denoted by π X : r L/X → X . Let (M, Φ) be the universal object on r L/X , so that M is a line bundle on r L/D and Φ : M ⊗r → π * L is an isomorphism of line bundles.
Lemma 4.1. The abelian category coh r L/X is equivalent to the direct sum of r copies of coh X .
Proof. For any coherent sheaf F on r L/D and any integer i, one has adjunction morphisms π * π * F ⊗ M ⊗i → F ⊗ M i , whose direct sum gives the morphism
One can show that this morphism is an isomorphism by working on a local chart where the line bundle L is trivial and the root stack is the quotient of X by the trivial action of µ r . The same local consideration also shows that π * coh X ⊗ M ⊗i for i = 0, . . . , r − 1 are mutually orthogonal. 
The root stack of a line bundle with a section
The universal line bundle on r (O(D), 1)/X will be denoted by M.
Lemma 4.2. (i) The functor
(ii) One has a semiorthogonal decomposition
Proof. (i) For any objects α and β of D b (coh D) and any q ∈ Z, we show that the natural morphism
is an isomorphism. We may assume that α and β are sheaves. Then we have ⊗i is an equivalence. We can deduce that 
Iteration of root constructions
Let X be a variety with at worst quotient singularity and X can be its canonical stack [FMN07, Section 4]. For prime divisors D 1 , . . . , D s on X can and positive integers r 1 , . . . , r s , the fiber product
is obtained by iterated root constructions as in [Cad07] . If i D i is a simple normal crossing divisor, then X is also a smooth Deligne-Mumford stack. The stack X is characterized by the properties that it has the same coarse moduli space as X can , it is isomorphic to X can outside ∪ i D i and the pull back of D i is r i times a prime divisor for each i. Let D 1 , . . . , D s be the prime divisors on X corresponding to D 1 , . . . , D s .
Proposition 4.4. If D i ∼ = P 1 for each i and i D i is a simple normal crossing divisor, then there exist an exceptional collection (E 1 , . . . , E ℓ ) and a semiorthogonal decomposition
Proof. Put
and let D ⊂ X 1 be the prime divisor corresponding to D 1 . Then X is isomorphic to r 1 (O(D), 1)/X 1 and one has a semiorthogonal decomposition
by Lemma 4.2. Since D is a smooth divisor whose coarse moduli space is isomorphic to
b coh X has a full exceptional collection [GL87] . Now the assertion follows from induction on s.
Semiorthogonal decomposition for the canonical stack
Let X be a surface with at worst quotient singularities and consider the diagram
where X is the canonical stack associated with X, τ : Y → X is the minimal resolution, and Z is the reduced part of the fiber product Y × X X . We consider the integral functor
whose right adjoint will be denoted by Ψ.
Proposition 5.1. Assume X has only cyclic quotient singularities. Then Φ is fully faithful and there is a semiorthogonal decomposition
where E 1 , . . . , E ℓ is an exceptional collection.
Proof. If X is the global quotient C 2 /G for a finite small subgroup G of GL 2 (C), the proof of [Ish02, Theorem 3.1] shows that Z is the quotient stack of the universal subscheme in Y × C 2 by the action of G under the identification of Y with G-Hilb(C 2 ). Hence the assertion in this case follows from Theorem 2.1.
In the general case, the composition Ψ • Φ is an integral functor with respect to some kernel object P on Y × Y . By the local case above, P is etale locally the structure sheaf of the diagonal. Hence the kernel of Ψ • Φ is a line bundle on the diagonal, which implies that Φ is fully faithful. Since the singularities of X are isolated, the semiorthogonal decomposition comes from local contributions around each singular points, where the assertion holds by the global quotient case above. 
where
This is a global analogue of Theorem 1.1.
Invertible polynomials
Let n be a positive integer. An integer n × n-matrix A = (a ij ) n i,j=1 with non-zero determinant gives a polynomial W ∈ C[x 1 , . . . , x n ] by
Non-zero coefficients of W can be absorbed by rescaling x i . A polynomial obtained in this way is called an invertible polynomial if it has an isolated critical point at the origin. The quotient ring R = C[x 1 , . . . , x n ]/(W ) is naturally graded by the abelian group L generated by n + 1 elements x i and c with relations
The abelian group L is the group of characters of K defined by
The group G max of maximal diagonal symmetries is defined as the kernel of the map
n , so that there is an exact sequence
be the quotient stack of W −1 (0) \ {0} by the natural action of K. It is a smooth DeligneMumford stack since W has an isolated critical point at the origin and the action of K at any point in W −1 (0) \ {0} has a finite isotropy group.
Lemma 6.1. The coarse moduli space of X is a rational variety. Moreover, each codimension one irreducible component of the locus where X has non-trivial stabilizers is also rational and these components form a simple normal crossing divisor.
Proof. Since the K-action on (C × ) n is free, the open dense substack
of X is a scheme, which is an affine linear subspace of
considered as an open subscheme of C n−1 . This shows that X is rational. A divisor with a non-trivial generic stabilizer is the closure of either W −1 (0) ∩ {x i = 0} ∩ {x k = 0 for k = i} for some i or {x i = x j = 0} ∩ {x k = 0 for k = i, j} for some i = j. (If {x i = x j = 0} is not contained in W −1 (0), then W −1 (0)∩{x i = x j = 0} has codimension greater than one.) The quotient of the former also contains an affine subspace of a tours, and the quotient of the latter is a toric stack. Hence they are rational.
Since the stabilizer group of any point on X are abelian and therefore locally diagonalizable, the union of such divisors has normal crossings. Moreover, at each point on the union, different local components have different stabilizer subgroups in K. Hence the union has simple normal crossings. Now assume n = 4 so that dim X = 2 and let Y be the minimal resolution of the coarse moduli space of X . Since Y is a rational surface, one has a full exceptional collection on Y by Orlov [Orl92] . Let X can be the canonical stack associated with the coarse moduli space of X . Then Theorem 5.2 gives a full exceptional collection on X can . Since X can be obtained by successive root constructions from X can , Proposition 4.4 and Lemma 6.1 give the following:
Corollary 6.2. The two-dimensional Deligne-Mumford stack associated with an invertible polynomial in four variables has a full exceptional collection.
